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PROBLEM

Kirkman's Schoolgirl Problem: A Challenge
in Combinatorics

Arranging fifteen schoolgirls in rows of three for seven days led to a famous combinatorial
problem and the study of combinatorial designs.

Mansur Gilmullin - 08.10.2024 - EN
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The fifteen schoolgirls problem was long regarded as one of the most famous problems in
combinatorics. It was proposed by Thomas Pennyngton Kirkman (1806—-1895), an English
mathematician and algebraist, and a Fellow of the Royal Society of London (1881). His works
provided the first systematic presentation of the elements of group theory in English. He also made
a major contribution to combinatorics.
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Thomas Pennyngton Kirkman (1806-1895), English mathematician. Graduated from the University of Dublin in 1833;
studied mathematics independently. A parish priest from 1839. - Source

The fifteen schoolgirls problem appeared in 1850 as Question VI in The Lady’s and Gentleman’s
Diary, a recreational mathematics journal published between 1841 and 1871.

i 48 THE LADY'S AND GENTLEMAN'S DIARY. 1850
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Being tha second after Bissextiie. Waiing ol comiagent crcumslencer, 1t afthe pecula gut of the horie,
h rticular carts, unevenness of the ground, &, m Jis
OEMANED PRINCIPALLY FOR TIE ANGHEMENT AND INSTACCTION 0F communlcated to-the s otk o e cr and
Gartcoming In perewaive contet with 3 editing body, & momeniary siop I
STUDENTS IN MATHEMATICS: the result, and the wv in S Ampencu by its acquired momentum,
lides forward minus_the friction
conramme st he bt of the ser; whie Jght ‘bodien being 1w srceplite of
§ ‘momentum, fovariably slide backwards, tll they fall off. In my experimeats,
MAXNY USEPUL AND EXTERTAINING PARTICULARS, the shilling or other body (and | tried many) never reached farthor In cither
e b S I Sy direction than the mean distancs between the centre and the extremes (anterior

and posterior) of the catt, Itmay begiven as a gencral rule, that heavy oF large
bodis will progre, e that gt or small bl wil refrograder
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It was also answered by Messrs. Chambers and Eddy.

1. Query; by Ma Jastes Luoo, Grampound, Cornweatl.
Required the origin of the custom of making fools on the first day of April ?
11 Queny; by the Rev. Jorx Hoer, Stapleton.

Does there seem to be anything prophetic in the names of the three soos of

Noah, Shem, Ham, and Japheth ¥
111, Query; by Mr. Joux Evviorr, of Stankope
What is the cause of the contraction of hemp and calgut strings in a damp.

THE ONE HUNDRED AND PORTY-SEVENTH ANNUAL NUMBER. stmtaghare?
IV. Quens by Mr. Juows Henoson, Tobermory.
LONDON: How is the saltuess of the sea accoun! ‘And does the saltness Increase
ornot?

V. Quear; by Mr. Tnoxas Manrry, Birmingham.
Was the origin of llve ‘National Anthem, * God save the Queen,” in any
OF STATIONERS, way connected with the Diary ?
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The cover and a page of The Lady's and Gentleman's Diary for 1850, containing the original publication of Kirkman's
schoolgirl problem (question 6, at the bottom right of the page). - Source

The problem is stated as follows:

“Fifteen young girls at a school go for a walk in rows of three each day for seven days.
Arrange them for each walk so that no two girls walk in the same row twice.”

(Fifteen young ladies in a school walk out three abreast for seven days in succession: it is
required to arrange them daily, so that no two shall walk twice abreast).

Mathematics with Mansur 2/4


https://img4.teletype.in/files/b5/c0/b5c0a2b7-45dd-4c9f-b5bd-aae9d6e8ed44.png
https://img1.teletype.in/files/49/7d/497d2489-c099-41fc-b67f-185319d162cf.jpeg

Its deceptive simplicity quickly made the problem famous.

One possible solution is shown in the table below. The girls are numbered from 0 to 14.

2,36 30407

71 8, ll 8, 9, 12

9,10, 13 10, 11, 14

12,14, 5 13, 0, 6

| One solution to Kirkman's schoolgirl problem. The girls are numbered from 0 to 14. - Source

There are known to be seven non-isomorphic solutions to this fifteen schoolgirls problem.

(An isomorphism is a bijective mapping between sets with the same structure that preserves that

structure.)

The first solution was published by Arthur Cayley in 1850, quickly followed by Kirkman’s own
solution that year. Kirkman presented it as a special case of his combinatorial arrangement

CP

4,5, 8
6, 7,10
11,12, 0
13,142

1, 3,9

uT

2, 4,10
325 1
6, 8,14
7,9, 0

12;43;

T

4, 6,12

ST 13

8,10, 1

9515 2

14, 0, 3

Chb

10, 12, 3
il Jte ]
14, 1, 7
0, 2, 8

5, 6,9

published three years earlier, in 1847.]. J. Sylvester also studied the problem. The puzzle appeared

in several recreational mathematics books.

Combinatorial designs became very popular and were even used in gambling fraud. In one reported

case, a criminal cartel earned millions of dollars over seven years by buying tickets covering every

possible combination of 5 out of 46 in a 6-out-of-46 lottery whenever the ticket cost was lower than

the additional bonuses for matching 5 out of 46 plus the chance of winning the jackpot.

Another solution uses XOR triples. If the girls are relabelled with binary numbers from 0001 to

1111, the following arrangement is a solution in which, for any group of three girls, the bitwise XOR

of two numbers gives the third.

(Bitwise exclusive OR, or XOR, is a binary operation equivalent to applying logical exclusive OR to each

pair of bits in matching positions in the operands’ binary representations.)

IH

0001
0100
0101

0010
1000
1010

0011
1101
1110

0110
1001
AL
0111

1011
1100

BT

0001
0110
0111

0010
1001
1011

0011
1100
il i

0100
1010
1120

0101

1000
1101

Ccp

0001
1000
1001

0010
1100
1110

0011
0101
0110

0100
101
ALALILTL

0111
1010
1101

uT

0001
1010
1011

0010
AL3L0)AL
ACILALAL

0011
0100
0111

0101
1001
1100

0110

1000
1110

T

0001
1100
1101

0010
0100
0110

0011
1001
1010

0101
1011
1110
0111

1000
1aa

| A solution to Kirkman's schoolgirl problem using XOR triples. - Source
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Cb

0001
1119
1411

0010
0101
0111

0011
1000
1011

0100
1001
ALILO4L
0110

1010
1100

BC

0001
0010
0011

0100
1000
1100

0101
1010
1111

0110
1011
ALAL(OL,
0111

1001
1110

3/4


https://img4.teletype.in/files/b5/d3/b5d3a8c5-063d-44a1-b903-0316e1690348.png
https://img2.teletype.in/files/d9/3a/d93a68ae-dd40-4080-8831-d918e450b6fb.png

The problem was generalised to other initial conditions: given n schoolgirls, form groups of size k
so that no set of t girls appears together in a group twice. This formulation is called an (n, k, t)
design. The problem is solvable under some conditions and unsolvable under others. Over the years,
solutions have become known for many combinations of (n, k, t), verified either algebraically or by
exhaustive computer search.

The schoolgirl puzzle thus helped to establish a new field of mathematics: combinatorial designs.
These designs became a method now used in error-correcting codes in computer science,
cryptography, agriculture, sport and design. For example, the classical Hamming error-correcting
code uses a solution of the schoolgirl problem.
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