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PROBLEM

Clever Soldiers at an Inn

An old recreational problem by Ye. I. Ignatyev leads from soldiers’ dinner bill to the Josephus
recurrence.

Mansur Gilmullin - 09.04.2025 - EN

Read this article on the journal website

Tilborch, Gillis van - Guardroom.jpg. The Guardroom by Gillis van Tilborch (c. 1625-c. 1678), from the Hermitage
collection - Source

For your mathematical recreation, here is an old problem from Yemelyan Ignatyevich Ignatyev’s
book In the Realm of Ingenuity:

“Four tables stood in an inn, forming a quadrilateral. 21 hungry soldiers returning from manoeuvres
stopped there for dinner and invited the innkeeper to join them. They sat as follows: the soldiers occupied
three tables, 7 at each, while the innkeeper sat at the fourth.”
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| Diagram of the soldiers’ seating for Yemelyan Ignatyevich’s problem - Source

“The soldiers agreed with the innkeeper that the last person remaining would pay the bill under the

following rule: count everyone, including the innkeeper, clockwise around the circle, and release every

seventh person. Each person released left the inn, and the innkeeper himself was the last to remain. With

whom did the counting begin?”

Ye. I. Ignatyev gives only the answer: “The counting must begin with the 6th soldier seated to the

innkeeper’s left.” He does not provide a solution method.

Try finding the starting person yourself in a similar case, for example if there were 4 soldiers at each

of the three tables.

We will ask you to explain why the counting must begin there. The solution appears at the end of

the article.

Historical background

E. 1. Ureameess,

D HHAPCTBT CMERAJRII

APHEMETHEA JUISI BCBX'b.

KHITA JU5] CENIH B KO/

OMBITD MATEMATHYEGHOR XPECTOMATIN,

Knwnra 2.1,

Ignatyev, Ye. I. In the Realm of Ingenuity, or Arithmetic for Everyone. — Parts 1-3. — St Petersburg: V. L.
Bogushevsky, 1908-1911 - Source
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Yemelyan Ignatyevich Ignatyev (1869-1923) was a Russian and Soviet mathematics educator and
author of popular-science books. His best-known work, In the Realm of Ingenuity, appeared in three

volumes in 1908-1911:

Ignatyev, Ye. L. In the Realm of Ingenuity, or Arithmetic for Everyone. — Parts 1-3. — St Petersburg:

V. L. Bogushevsky, 1908-1911.

The problem resembles the historical Josephus problem, known since 1612, when the French
mathematician Bachet de Méziriac published it in his collection Problem es Plaisants. Its story is

based on an account in Josephus’ historical work The Jewish War.

1.3 BAAAYA HOCH®A PAABUSA

TTocACAmIH 13 HALTIX TPEABAPHTEALHMX NPHMEPOB TPEACTA-
BAser cobot OAWH T3 BAPWANTOR ANTITHOR 3aARH, HOCHILER MK
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Aeremaz, wro Mockdy BMMMA M CTAA HIBECTHIM GAQrOAAPR MaTe-
MaTHTecKofl OASpeHHoCTH. B Xope HYAefickoll BoR of b cocrane
otpaaa ws 41 mowma Gun 3arman » neme-
Y. TPEATIOTITaR CAMOYSHACTEO MACHY, BOIIM DEUINAN BMCTPORTS-
€% B KPJT if IDCACAOBATEABNO Y6HBATS KAKAOTO TPETBETO W3 XH-
craserca mu oaNoro uercsexa. Op2x0

CBOMX AMHOMMILIACHHIKOB, CHeA NOAQS-
NI KOREIL 6ECCMHICACHEEM — OF GHCTPO BRTHCARA CHACHTEABHHE
MeCTa B TOPOUNOL KpYTe, Ha KOTOPME NOCTARIA Ceb 3 CBOSTO TOBA-
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B Mamew BapHATe M HASHEM ¢ TOFO, Y70 BHCTPOMM B KDYT
T WeAOBeK, TpoNyMepoBAINNY WHCARME OF 1 A0 T,  6YACM HCKAK-
SaTE KZRAGRO @MOPOZe I3 OCTABUIAXCS AC TEX TIOP, IOKA HE yHeEAS-
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et TR0 opm weaonex. Bot, K IpHMEpY, HCXOAMNo® pachioAowee

npm n = 10:

Topanox ncxawsemua—2, 4, 6, 8, 10, 3,7, 1, 9, zax uro ocraerca

HoMep 5. 3aaata: OTPEACNTE HoMep yieAepero, |(n).

Ms3 TOABRD 70 BACHIAR, 770 | (10) = 5. Moo 6o 6uimpea: 1 = 0 se Jee
HoAGKUTS, W0 (1) = 1/2 D METHOM T, TeM 6OASE, IO CAYWAR  CMMCAS
n = 2 noATsepxAser Hame mpeanoroxenme: |(2) = 1. Opnaro ue-
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TNpuaerca BepuyTscs X TabANNKe ¥ NOMPOSOBATE CAEAATS Aywmiee
npeamonomenme. M ... Kaercs, [(n) sceraa 6yaer newerno. H »
CaMOM ASAe, AAS ITOTO HMeEeTCH BeCKOe OCHOBAHNMe: IepBLIi 06X0A o
KPYTY HCKAIOYAET BCE HETHIE HOMePa. K ToMy e, ECAR caMo N WeT-
H0, M IPHXOARM K CHTYALDEN, TOACGHOR 70%, ¢ KOTOPOi HatarK, 5a
HCKAKUERMEM TOrO, IO OCTaSTCH BABOE MeEbinie AtoAel X HX HOMEpa

MeRmOTCH.

The historical Josephus problem in Knuth’s Concrete Mathematics: A Foundation for Computer Science (2009) -

Source

The problem is as follows: 41 soldiers stand in a circle. Starting with the first soldier, they kill every

third person. Where should one stand to be the last survivor?

Imaginary portrait of Josephus. Illustration by Thomas Addis Emmet, 1880
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Josephus (Latin Josephus Flavius, c. 37-c. 100 CE) was an ancient Jewish historian and military
commander. He is known for works that survive in Greek: The Jewish War, about the revolt of 66-71,
and Antiquities of the Jews, recounting Jewish history from the creation of the world to the Jewish
War.

Solution
An algorithm for solving the problem appears in the book:

Donald Knuth, Ronald Graham, Oren Patashnik. Concrete Mathematics: A Foundation for Computer
Science. [Translated from English.] — 2nd ed. — Moscow: Williams, 2009. — 784 pp.

This is a well-known recurrence problem in computer algebra. It is often used as a test problem in
various settings, including interviews.

We will use the familiar recurrence formulas for the Josephus problem. In the more general version,
n soldiers are counted around a circle and every kth soldier is killed. Denote the safe position, that

of the last survivor, by J(n, k).

Let us model the process by creating a list of 22 elements: 0 is the innkeeper and 1-21 are the
soldiers.

The following recurrence is known in the language of modular arithmetic:
J(n, k) = (J(n - 1, k) + k) mod n, where J(1, k) = 0.

In the classical Josephus problem with n = 22 and k = 7, the last survivor’s position is calculated as
J](22,7). Here we need the reverse: knowing that the last person is at position 0, the innkeeper, find
the starting position. If the standard start at position 0 leaves the survivor at J(n,k), then to leave
position x last, counting must begin at (x — J(n,k)) mod n. The formula for the starting position is
also known: S = (x - J(n,k)) mod n, where x is the desired last survivor.

For our problem, n = 22, k = 7, x = 0 (the innkeeper). Recursive calculation — try it by hand — gives

J(22,7) = 16.

J(1,7) =0,

J(2,7) = (J(1) + T)mod2 = (0 + 7)mod2 = 1,
J(3,7) = (14 7)mod3 = 8mod3 = 2, ...
J(21,7) = (2 4 7)mod21 = 9mod21 = 9,
J(22,7) = (9 + T)mod22 = 16mod22 = 16.

We need the last position to be 0. The formula therefore gives:

S = (0 — 16)mod22 = (—16)mod22 = 6
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Thus, counting must begin at position 6.

Check: arrange all the participants in a circle — 0 is the innkeeper and 1-21 are the soldiers — and
begin counting at position 6. Successively removing every 7th person leaves the innkeeper last.

Answer: counting must begin with the 6th soldier seated to the innkeeper’s left.
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